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Abstract. In this paper, we investigate the effects of a new version of the generalized un-
certainty principle (modified GUP) on the dynamics of the Universe. As the modified GUP
will modify the relation between the entropy and area of the apparent horizon, it will also de-
form the Friedmann equations within Jacobson’s approach. We explicitly find these deformed
Friedmann equations governing the modified GUP-corrected dynamics of such a Universe. It
is shown that the modified GUP-deformed Jacobson’s approach implies an upper bound for
the density of such a Universe. The Big Bang singularity can therefore also be avoided using
the modified GUP-corrections to horizons’ thermodynamics. In fact, we are able to analyze
the pre Big Bang state of the Universe. Furthermore, the equations imply that the expansion
of the Universe will come to a halt and then will immediately be followed by a contracting
phase. When the equations are extrapolated beyond the maximum rate of contraction, a
cyclic Universe scenario emerges.
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1 Introduction
One of the important results in the search for quantum gravity has been the emergence of
the concept of minimum length. After the universal acceptance of the Planck length lP as
the lower bound on any physical scale, first introduced in Ref. [1], several approaches towards
understanding physics at this scale, based either on string theory or other quantum gravity
paradigm [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22], have suggested
that there should be a minimum length in Nature because Heisenberg’s uncertainty principle
might actually be generalized in such a way that a fundamental uncertainty on position is
increased by new momentum-dependent terms.
In the generalized uncertainty principle (GUP), one finds that the product of the uncer-
tainty on position ∆x and the uncertainty on momentum ∆p is a function of the uncertainty
∆p (see , e.g. the recent review [23]). This implies a nontrivial increase in uncertainty on
position with respect to the usual uncertainties of quantum mechanics as one increases the
energy of the probe. The implications of this concept of GUP have extensively been inves-
tigated in recent literature, especially in the domain of black hole thermodynamics as well
as in cosmology. In the former, it has been shown that the GUP is responsible for bringing
corrections to the Bekenstein-Hawking entropy formula [24, 25, 26, 27]. The resulting entropy
on the horizon acquires logarithmic deviations with respect to the pure area-law. However,
the Bekenstein-Hawking entropy formula also holds for the apparent horizon of the Universe.
Hence, it is possible to consider similar modifications to the Bekenstein-Hawking entropy
formula for the apparent horizon of the Universe, and this can have application in cosmol-
ogy. In fact, in the domain of cosmology [26, 28, 29, 30], the authors of Ref. [26] have also
demonstrated that if one applies this corrected entropy formula to the apparent cosmological
horizon of the Universe, an upper bound on the density of the Universe emerges and the Big
Bang singularity dissolves. In addition, and still in the domain of cosmology, the authors of
Ref. [31] have successfully applied the GUP to obtain a novel relation between entropy, the
apparent horizon and the cosmological holographic principle.
As it happens, though, there are two versions of the GUP. In the simplest version
of the GUP, the product of the uncertainty ∆x and the uncertainty ∆p acquires a single
additional term compared to the usual Heisenberg uncertainty principle. This additional
term is quadratic in ∆p. It is this additional term that is responsible for the emergence of
the maximum density and for avoiding the Big Bang singularity [25]. In the second version of
the GUP [18], which we call here the modified GUP, one finds, in addition to the quadratic
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term in ∆p on the right-hand side of the inequality, another term linear in the uncertainty
∆p. The modified GUP is consistent with the existence of minimum length as well as doubly
special relativity [32]. This makes it also consistent with a large number of approaches to
quantum gravity, such as discrete space-time [34], spontaneous symmetry breaking of Lorentz
invariance in string field theory [35], ghost condensation [36], space-time foam models [37],
spin-networks in loop quantum gravity [38], non-commutative geometry [39, 40], and Horava-
Lifshitz gravity [41]. As modified GUP is consistent with such a large number of theories, it
is important to analyze the consequences of modified GUP for cosmology by considering its
effects on the dynamics of the Universe. The aim of this paper is to investigate and study
such effects.
The outline of the present paper is as follows. In Sec. 2, we review the derivation of
Friedmann equations from the thermodynamics approach. In Sec. 3, we briefly recall the
modified formulation of the GUP and then use it to calculate the entropy that might be
associated to horizons. In Sec. 4, we apply the formula thus found for entropy to the case
of an apparent horizon of the Universe and deduce the Friedmann equations as well as the
density of the Universe using the general formula introduced in Sec. 2. We then solve the
equations, and analyze and discuss the physical meaning of the solution. We end this paper
with a brief conclusion section.
2 Friedmann Equation in the Thermodynamic Approach
In this section, we shall briefly review the main steps in the derivation of Friedmann equations
based on the thermodynamic approach[26, 28, 42]. The starting point is the metric of the 4-
dimensional Friedmann-Lemaître-Robertson-Walker (FLRW) Universe, which can be written
in the form
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
, (2.1)
where a(t) is the time-dependent positive scale factor and dΩ2 = dθ2 + sin2 θdφ2 is the line
element on the unit two-sphere. The value of k depends on the geometry of the Universe; the
value k = 0 corresponds to a flat Universe, k = 1 is for a closed Universe, and k = −1 is for
an open Universe. Now, the radius rA(t) of the apparent horizon corresponding to the metric
(2.1) is found from the condition ∇µR∇µR = 0, where R(t, r) = a(t)r is the areal radius of
the two-sphere. On then obtains,
rA(t) =
1√
H2 + k/a2
, (2.2)
where H = a˙/a is the Hubble parameter; the dot standing for a time-derivative. If it is
assumed that the matter in the FLRW Universe forms a perfect fluid with the four-velocity
uµ, then the energy-momentum tensor can be written as
Tµν = (ρ+ p)uµuν + pgµν , (2.3)
where ρ is the energy density of the perfect fluid and p is its pressure. The conservation
equation written in terms of the energy-momentum tensor, ∇µTµν = 0, can then be used to
obtain,
ρ˙+ 3H(ρ+ p) = 0. (2.4)
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On the other hand, the Misner-Sharp energy, E = ρV , corresponding to the total matter
present within the apparent horizon of the Universe, whose apparent volume is V = 43pir
3
A
1,
simply reads, E = 43piρr
3
A. Therefore, when differentiating this expression, we find the in-
finitesimal change in the total energy of the perfect fluid during an infinitesimal interval of
time dt:
dE = 4piρr2AdrA − 4pir3A(ρ+ p)Hdt. (2.5)
To obtain this form, use have been made of the continuity equation (2.4) to express the
differential dρ in terms of the infinitesimal time-interval dt.
Next, a work density W , to be associated with the perfect fluid, is introduced. This
work density is extracted from the energy-momentum tensor of the perfect fluid by projecting
(2.3) onto the normal direction to the apparent horizon, i.e. W = −12hµνTµν , where hµν is
the two-metric on the normal direction. This work density is found to be [26, 28, 44]:
W =
1
2
(ρ− p) . (2.6)
Let us now substitute this work density, together with the total differential (2.5), inside the
first law of thermodynamics, dE = δQ + WdV , where δQ is the change of the total heat
associated with the perfect fluid2. According to the second principle of thermodynamics for
reversible processes, which we assume to apply for the perfect fluid as the Universe evolves,
we also have δQ = TdS, where T is the temperature and dS is the corresponding variation
of entropy. The first law then yields,
TdS = 2pi(ρ+ p)r2AdrA − 4pir3A(ρ+ p)Hdt
= 4pi(ρ+ p)
(
r˙A
2HrA
− 1
)
Hr3Adt. (2.7)
Now, since the radius rA of the apparent horizon is already given in terms of the Hubble
parameter H via identity (2.2), it is clear that in order to arrive at a Friedmann-like equation,
we need only find the temperature T , as well as the entropy S, to be associated with the
apparent horizon of the Universe. The first thing that comes to mind is of course the Hawking
temperature associated to black holes’ event horizons, as well as the Bekenstein-Hawking
entropy of that kind of horizons. What we have here, however, is not a black hole’s event
horizon, but a cosmological apparent horizon. Therefore, although it seems natural to apply
the formalism of black hole thermodynamics to the whole Universe, one still needs a physical
justification for such a leap.
1Note that the spatial curvature k might take on three possible values and that only for the case k = 0
does the proper radius a(t)
∫
dr/
√
1− kr2 coincide with the co-moving radius a(t)r of the sphere enclosing
the volume of interest. This method works for all three cases of curvature because the radius of interest here
is not the proper radius but the apparent horizon radius rA, given by (2.2), valid for k = 0,±1, and on which
the usual definition of the volume of a sphere can be used. In other words, we are using the apparent three
dimensional sphere.
2Note that the first law of thermodynamics as we applied here is, as rightly pointed out by the anonymous
referee, in principle incomplete. Indeed, we considered here only the work density (2.6) coming from the
energy-momentum tensor of the perfect fluid without including the chemical potential contribution µdN when
writing the first law of thermodynamics. The first reason is that, although we maintain the dark component
of the Universe in this paper, we do not include any unknown non-zero chemical potential that would be
attributed to dark energy (see e.g. Ref. [43] for a discussion on this issue). On the other hand, since photons
are much more abundant than baryons and leptons in the Universe, we rely on the usually good cosmological
approximation that discards the µdN term from the first law.
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By now, it has been widely argued in the literature (see, e.g. Ref. [45] for an earlier
one and Ref. [46] for a more recent one, as well as the references therein) that it is physically
justified to apply the thermodynamics of event horizons to the case of apparent horizons
based on the holographic principle [47, 48, 49]. Indeed, although the Hawking temperature
was originally found by studying a scalar field using quantum field theory techniques in the
near-horizon curved spacetime, the fact that the entropy found for black holes is encoded
on their boundary rather than their bulk, has given rise to the idea that physical degrees
of freedom are always located on the boundaries. This holographic behavior of degrees of
freedom has subsequently been suggested as a simple alternative for dark energy when it
comes to explaining the accelerated expansion of the whole Universe [50, 51, 52] (see also
[53]). The mere fact that this idea has allowed to recover Friedmann equations is actually
another argument in favor of the whole approach. In this paper, we shall therefore adopt this
widely held view and adapt the thermodynamics formalism of black holes’ event horizons to
the apparent cosmological horizon.
Before proceeding further, we would like to stress here the fact that our approach is based
on the application of the first law of thermodynamics, as well as the concept of Hawking’s
temperature, to the Universe’s apparent horizon just as it was done in Ref. [26]. The apparent
cosmological horizon is chosen over both the event and Hubble horizons for the reason that
these latter do not always exist, unlike the apparent horizon which exists for all values of k
and to which the two others reduce in the case of a flat Universe (k = 0). Indeed, it has
already been pointed out in detail in Ref. [54] that one should be careful and distinguish
between apparent and cosmological event horizons when studying the thermodynamics of the
Universe, as the two categories of horizons coincide generally only for the case of a de Sitter
space-time.
In addition, it has been shown in Ref. [55] that the FLRW apparent horizon, being de-
fined as the marginally trapped surface with vanishing expansion, is endowed with a Hawking-
like temperature related to its surface gravity. This is due to the fact that, whereas for
stationary black holes one has a time-like Killing vector field from which one can define a
conserved energy for a particle moving in the space-time, for the case of an apparent horizon
one does not have a time-like Killing field but a Kodama vector field Kµ. This vector field
satisfies KµKµ = R2/r2A − 1 and, hence, becomes time-like only inside the apparent horizon
where the areal radius satisfies, R < rA. One can then also define a conserved energy for
a particle moving inside the apparent horizon and, in analogy to what is done for the case
of black holes’ horizons [56], one can compute the tunneling amplitude across the apparent
horizon. The corresponding temperature found is indeed the Hawking temperature [55].
Furthermore, the approach based on the apparent horizon allows one to recover the
Friedmann equation, as we shall see below, for all three values of k. This stems from the
fact that in the application of the holographic principle, the specific spatial geometry of the
Universe does not matter, as long as spherical symmetry of the boundary holds. This fact
is actually yet another reason to apply black holes’ thermodynamics to apparent horizons
regardless of the value of k.
Let us therefore adopt the Hawking temperature for the apparent horizon by associating
to the latter, just as it is usually done for the case of black holes, the temperature T = κ/2pi,
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where, this time, κ is the surface gravity evaluated on the apparent horizon. One finds [42],
κ =
1
2
√−h∂a(
√−hhab∂bR)
= − 1
rA
(
1− r˙A
2HrA
)
, (2.8)
where hab, appearing in the first line, is again the two-metric of the (t, r)-space in (2.1).
As for entropy, one also adopts the Bekenstein-Hawking area-law and associates to the
apparent horizon an entropy S = A/4G, where A = 4pir2A is the area of the horizon whose
radius is rA and G is Newton’s gravitational constant. Therefore, using both (2.8) and this
linear area-law for entropy, it is possible to express TdS appearing in the left-hand side of
(2.7) in terms of the Hubble parameter and the radius rA:
TdS = − 1
G
(
1− r˙A
2HrA
)
drA. (2.9)
Substituting (2.9) into the left-hand side of (2.7), after using the fact, as it follows from (2.2),
that drA = −Hr3A
(
H˙ − k/a2
)
dt, one easily recovers the dynamical Friedmann equation [42],
H˙ − k
a2
= −4piG(ρ+ p). (2.10)
Then, after using the continuity equation (2.4), this first-order differential equation can easily
be integrated to yield the well-known general Friedmann equation for an FLRW Universe:
H2 +
k
a2
=
8piG
3
ρ. (2.11)
Note that, as already emphasized above, the Friedmann equation thus obtained is valid
for all three possible values of k. This couldn’t have been found had we used the event or
Hubble horizon instead of the apparent horizon.
Now, this derivation, as we see from (2.9), critically depended on the use of the linear
entropy-area law, S = A/4G, for the apparent horizon. Therefore, any modification of this
relation between the entropy of the apparent horizon and its area will modify the Friedmann
equation for an FLRW Universe. Let us therefore examine here the consequences of such a
modification by assuming the following general form of a modified entropy-area law for the
apparent horizon:
S =
f(A)
4G
, (2.12)
where f(A) is any arbitrary smooth function of the area A of the apparent horizon. Taking
the differential of both sides of this identity, we find
dS =
f ′(A)
4G
dA =
f ′(A)
G
2pirAdrA. (2.13)
where the prime stands for a derivative with respect to the area A. Therefore, instead of
identity (2.9), we will have to use the following identity:
TdS = −f
′(A)
G
(
1− r˙A
2HrA
)
drA. (2.14)
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Then, by substituting this in the left-hand side of (2.7), we find instead of the dynamical
Friedmann equation (2.10), the following differential equation 3:(
H˙ − k
a2
)
f ′(A) = −4piG (ρ+ p) . (2.15)
Finally, by expressing the left-hand side in terms of drA thanks again to the fact that drA =
−Hr3A
(
H˙ − k/a2
)
dt, and using on the right-hand side the continuity equation (2.4), the
above differential equation transforms into,
f ′(A)
drA
r3A
= −4piG
3
dρ. (2.16)
which integrates to yield the modified Friedmann equation [26]:
2G
3
ρ = −
∫
f ′(A)
dA
A2
. (2.17)
Note that this formula is what the general formula, given in Ref. [26], reduces to when setting
n = 3 there. This formula says that for each different area-law of the entropy one happens to
associate to the apparent horizon one gets a different modified Friedmann equation.
Now, as this approach is based on the assumption that black hole thermodynamics
might be adapted to the study of the apparent horizon of the Universe, it is natural to also
assume, in accordance with the holographic principle, that any modification of the areal-law
coming from the physics of black holes would imply a similar modification to the area-law
that one should use to study the apparent horizon of the Universe. In the next two sections,
we will find that the new relation between entropy and the horizon area, as it is derived in the
literature from the generalized uncertainty principle applied to the case of black holes, will
yield yet another modified Friedmann equation for the Universe when adapted to the case of
the apparent horizon.
3 The Modified GUP and Apparent Horizon Entropy
The generalized uncertainty principle, or GUP for short, that most of the approaches to
quantum gravity seem to agree upon (see, e.g. Ref. [23]) is a generalization of Heisenberg’s
uncertainty principle given by the inequality ∆x∆p ≥ 1/2 to an inequality of the form
∆x∆p ≥ 1/2(1 + α2l2P∆p2) where α is a dimensionless numerical factor that depends on the
model used to investigate the physics at Planck lengths 4 and lP is the Planck length. In the
3Note that the use of identity (2.7) in (2.14) is not inconsistent with the fact that here we apply it for the
general case of extended theories of gravity that yield a general area-law f(A) in (2.12). Indeed, identity (2.7)
does not rely on general relativity to hold but on the general laws of thermodynamics. In fact, as has been
shown in Ref. [57], Einstein equations themselves are derivable from such laws. Moreover, the main point of
Ref. [42] was to obtain Friedmann equations from thermodynamics alone as we saw from the derivation of Eq.
(2.10). On the other hand, the apparent horizon used in (2.7), and extracted from the FLRW geometry, does
not rely on general relativity either as it is obtained from purely geometric arguments in (2.2). Furthermore,
one uses FLRW geometry as a background spacetime on which one tests one’s dynamical equations. The use
of FLRW geometry does not require general relativity. Such a background has been used in the literature to
reconstruct models of f(R)-gravity, see e.g. Ref. [58].
4We shall use throughout this paper unites in which ~ = c = 1.
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new, or modified, version of the GUP, one finds, in addition to the quadratic term ∆p2, a
linear term in ∆p as follows [18, 19, 20, 21, 22]:
∆x∆p ≥ 1
2
[
1− 4
√
µ
3
αlP∆p+ 2(1 + µ)α
2l2P∆p
2
]
. (3.1)
Whereas the factor α in the purely quadratic version of the GUP is left unspecified, the factor
α in the version (3.1) above has an upper bound whose exact value is left to be determined
experimentally [20]. µ in inequality (3.1) is another dimensionless factor. The value of this
factor is of order unity and depends on the quantum gravity model used to extract inequality
(3.1) 5. Let us now follow, using this modified version of the GUP, the usual procedure for
extracting the horizon’s entropy based on the standard GUP [59, 60].
By extracting the uncertainty on momentum ∆p in terms of the uncertainty on position
∆x from the above inequality, one finds
∆p ≥ ∆x
γ2
+
2
3γ
√
µ
2(1 + µ)
−
√(
∆x
γ2
+
2
3γ
√
µ
2(1 + µ)
)2
− 1
γ2
, (3.2)
where we have set, for ease of notations, γ2 = 2(1 + µ)α2l2P and chose the minus sign outside
the second square-root in order to recover Heisenberg’s uncertainty principle in the limit
l2P → 0. Now we shall follow the usual steps that lead to the minimum increase in the event
horizon’s area A [59, 60]. First, trading the energy E for the uncertainty ∆p on momentum
in the above expression 6 allows one to find the lower bound on energy E in terms of the
uncertainty on position ∆x. Then, multiplying the resulting inequality by ∆x on both sides
and using that the minimum increase ∆Amin in area of the event horizon is related to the
energy E and spatial extension ∆x of the particle by ∆Amin ≥ 8pil2PE∆x [61], leads to
∆Amin ≥ 8pil2P∆x
∆x
γ2
+
2
3γ
√
µ
2(1 + µ)
−
√(
∆x
γ2
+
2
3γ
√
µ
2(1 + µ)
)2
− 1
γ2
 . (3.3)
Finally, by using the assumption that entropy always increases, according to information
theory and the holographic principle, by a constant unit usually denoted b, whenever the
horizon area A increases by the elementary amount ∆Amin, i.e. dS/dA = b/∆Amin, we find
5In Ref. [22] this value has been set at (2.82/pi)2 by assuming that a black hole’s particle emission peaks in
momentum 〈p〉 according to Wien’s law 〈p〉 ∼ 2.82TH , where TH is the Hawking temperature of the black hole.
Then, since Hawking’s temperature is related to the uncertainty ∆p of the emitted particles as TH = ∆p/pi
[59] and if one assumes that 〈p〉 = √µ∆p, for some positive factor µ [22], the estimate µ = (2.82/pi)2 follows.
As we shall see later, however, as long as this parameter remains of the order unity, its exact numerical value
does not matter as it does not affect our conclusions.
6We should note here that in performing this step we have combined the usual relativistic dispersion
relation between momentum and energy with the GUP. One might wonder, however, why GUP would not
imply modifications to the dispersion relation, i.e, the so-called MDR [38, 62, 63]. The reason is that the
GUP and MDR are two sides of the same coin. In practice, one either uses the heads or the tails to find the
same result, but never both at the same time. Indeed, thanks to the identity, ∆x∆E ∼ |[x, p]|∂E/∂p, one is
able to obtain a GUP in the form, ∆x∆E ∼ 1 + 2αp + ..., from an MDR in the form, E = p + αp2 + ..., by
imposing the usual Heisenberg’s uncertainty principle in commutator form, [x, p] = i. But one can also invert
identity, ∆x∆E ∼ |[x, p]|∂E/∂p, to obtain MDR in the generalized commutator form, |[x, p]| = 1 + 2αp+ ...,
by using the GUP and imposing the usual relativistic dispersion relation E ∼ p. A good reference discussing
the details of this subtlety can be found in, e.g., Refs. [63, 64].
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the following differential equation for entropy:
dS
dA
=
b
8pil2P
A
β
+ η
√
A−
√(
A
β
+ η
√
A
)2
− A
β
−1 , (3.4)
where we have set
β = piγ2,
η =
2
3γ
√
µ
2pi(1 + µ)
. (3.5)
The factor  in (3.4) has been introduced to fix the minimum value of the minimum increase
∆Amin and substituted ∆x by
√
A/pi. The original argument was made using a quantum
particle near the horizon of a black hole, and it was argued that it has a natural ‘size’ of
the order of the Schwarzschild radius rS , i.e. ∆x = 2rS =
√
A/pi [59, 60]. However, the
Bekenstein-Hawking entropy formula also holds for the apparent horizon of the Universe.
Furthermore, this argument also hold any spherical symmetrical horizon, so it will also hold
for the apparent horizon of the Universe. Hence, we apply this argument directly to the
apparent horizon, and argue that the GUP will also modify the entropy-area law of the
apparent horizon. We see that in order to recover the original entropy-area law of the apparent
horizon in the limit l2P → 0, we should chose b/ = pi. Note that the value found in Ref. [26]
for this ratio is twice the present value. This is due to the extra factor of 1/2 present in
inequality (3.1) used here compared to inequality (4.1) used in Ref. [26]. In the next section,
we will use this new entropy-area law for the apparent horizon to analyze the modification to
the Friedmann equation.
4 The Modified GUP and the Cyclic Universe
In this section, we shall examine the implications of the differential equation (3.4), that gives
entropy in terms of the area of the event horizon, on the cosmic density ρ. For that purpose,
we shall use Eq. (2.17) that relates the cosmic density ρ to the area A of the Universe’s
apparent horizon.
First, note that the differential equation (3.4) is of the form dS/dA = f ′(A)/4G, where
f(A) is some function of the area A such that its first derivative with respect to the latter is,
f ′(A) =
1
2
A
β
+ η
√
A−
√(
A
β
+ η
√
A
)2
− A
β
−1 , (4.1)
where we have used the previous choice of b/ = pi and the fact that in the natural units used
here, l2P = G. Using the thermodynamic approach reviewed in Sec. 2 and based on a different
form of f ′(A) than expression (4.1), the authors in Ref.[26] have found a specific Friedmann
equation. In using the above expression for f ′(A) we will find a different Friedmann equation,
with different and interesting physical implications.
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When substituting expression (4.1) inside the general integral in the right-hand side of
(2.17), we find the following expression of the density ρ in terms of the area A:
4Gρ
3
=
1
A
+
2βη
3A3/2
− 2ξ
3/2
3β(1− βη2)A3/2 −
η(βη2 − 1 + η√A)ξ1/2
(1− βη2)2A
− η√
β(1− βη2)5/2 sin
−1
[√
β(βη2 − 1)√
A
+ η
√
β
]
+ C, (4.2)
where we have set
ξ = A+ 2βηA1/2 + β2η2 − β. (4.3)
The constant of integration C in (4.2) can be fixed by noticing, as done in Ref. [26], that for
A → ∞ we should find a cosmic density ρ dominated by the cosmological constant Λ, i.e.
that lim
A→∞
ρ(A) = Λ. With this requirement, (4.2) leads to
C =
4GΛ
3
+
2 + 3βη2
3β(1− βη2)2 +
η sin−1(η
√
β)√
β(1− βη2)5/2 . (4.4)
Note that for lP → 0, identity (4.2) reduces, when using (4.4), to 2Gρ/3 = 2GΛ/3+A−1. This,
after expressing the area A in terms of the radius of the apparent horizon, is actually nothing
but the Friedmann equation displaying a cosmological constant, H2 + k/a2 = 83piG(ρ − Λ),
whose consequences are discussed below.
We shall use identity (4.2) to deduce below the upper bound on the cosmic density. To
do so, however, we must first deduce the condition that the area A should satisfy in order
to make ρ acquire a real value. Indeed, given the presence of the half-integer powers of ξ in
identity (4.2), it is clear that the density ρ might come out complex. So we must demand that
ξ be positive or null. In fact, this condition is also the same that avoids that the horizon’s
entropy, as constrained by (4.1), comes out complex-valued. Indeed, for entropy S to be real,
the derivative f ′(A) as given by the right-hand side of (4.1) should be real too. This, in turn,
simply amounts to demand that the argument of the square root in (4.1) be positive or null.
This latter condition is in fact nothing but a requirement that ξ ≥ 0. Therefore, we have
the following unique constraint that would make both the entropy S and the density ρ of the
Universe real:
A ≥
(√
β − βη
)2
. (4.5)
Given that in an FLRW Universe whose scale factor is a(t), the area of the appar-
ent horizon A is related to the Hubble parameter H and the Gaussian curvature k by
A = 4pi/(H2 + k/a2), substituting this inside identity (4.2) gives the generalized Friedmann
equation as implied by the modified GUP. More importantly, however, when substituting this
value for A in inequality (4.5) the latter transforms into
H2 +
k
a2
≤ 4pi(√
β − βη)2 . (4.6)
Note that after substituting the definitions (3.5) of β and η in this equation, the latter
gives for the simple case of a flat Universe, k = 0, the constraint H2 ≤ 18/[α2l2P (3
√
1 + µ −√
2µ)2]. This is a constraint on the early-times evolution of the Universe and, hence, on the
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inflationary energy scale. Using the fact that the numerical factor µ is of order unity, gives
the following maximum value for the inflationary scale:
H2max ∼
M2P
α2
, (4.7)
whereMP is the Planck mass. For an upper bound of 1016 for α [20], we recover the minimum
value of ∼ 1 TeV for the the inflationary energy scale. Conversely, since the maximum
energy scale for inflation should not exceed the Planck scale MP , the above result constrains
the minimum value that α could take on to be & 1. As we shall see below, however, our
conclusions do not depend on the upper and lower bounds of α.
Now, Eq. (4.6) also suggests that the Hubble parameter can never exceed a given value
and, hence, the Universe could be prevented from reaching a singularity. This fact becomes
actually even more apparent after computing the maximum density ρmax as it follows from
(4.2) due to the lower bound imposed on the area A by (4.5). Indeed, notice first that when
A takes on the minimum value Amin as given by the right-hand side of inequality (4.5), ξ in
identity (4.2) vanishes. Therefore, the latter identity yields
4G
3
ρmax =
3
√
β − βη
3
(√
β − βη)3 + piη2√β(1− βη2)5/2 + C, (4.8)
where we have chosen the value −pi/2 for the inverse function sin−1 when its argument equals
−1 instead of (2m+ 1)pi/2 in order to keep the density ρmax positive. Thus, the result (4.8)
is the maximum value of the density that the Universe is allowed to reach if the modified
GUP holds. The analysis done in Ref. [26] concerning the interpretation of the existence of
this upper bound for the density of the Universe can be repeated here verbatim except for
the intriguing presence of the inverse sin−1 function. This single difference brings actually
non-trivial consequences as it will be apparent from the analysis to which we turn now.
In order to analyze the above result more rigorously, let us write the dynamical Fried-
mann equation by substituting (4.1) inside the general formula (2.15). This gives,
H˙ − k
a2
= −8piG(ρ+ p)
A
β
+ η
√
A−
√(
A
β
+ η
√
A
)2
− A
β
 , (4.9)
where of course one should substitute 4pi/(H2+k/a2) for A in the above differential equation.
Note that for lP → 0, the content of the square brackets reduces to 1/2 in this last identity
and we recover the usual Friedmann equation H˙ − k/a2 = −4piG(ρ+ p).
Instead of solving exactly this differential equation to obtain H(t), we shall examine, as
it was done in Ref. [26], the behavior of H˙ by plotting the latter vs. H. For simplicity, we
shall assume a spatially flat FLRW metric by taking k = 0. Also, we shall consider the simple
case of a radiation dominated Universe for which we have the equation of state p = ρ/3. With
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these assumptions, (4.9) becomes
H˙ =
 4pi
βH2
+
η
√
4pi
|H| −
√√√√( 4pi
βH2
+
η
√
4pi
|H|
)2
− 4pi
βH2
×
(
−2H2 − 2βη|H|
3
3
√
pi
+
2ξ3/2|H|3
3β(1− βη2)√pi +
2η[(βη2 − 1)H2 + 2η√pi|H|]ξ1/2
(1− βη2)2
+
8piη
(1− βη2)5/2 sin
−1
[√
β(βη2 − 1)|H|
2
√
pi
+ η
√
β
]
− 8piC
)
, (4.10)
with the constant of integration C as given by (4.4), and
ξ =
4pi
H2
+
4βη
√
pi
|H| + β
2η2 − β. (4.11)
The modified Friedmann equation (4.10) does not look simple and it is therefore impor-
tant to see explicitly what correction to the usual Friedmann equation, H˙ = −2H2, obtained
within general relativity for a radiation dominated epoch, does equation (4.10) bring during
the late-times expansion of the Universe, i.e., when H  Hmax ∼ l−1P . In fact7, it is hard
to tell if the specific cyclic evolution, which we are going to argue for below Fig. 1, could
be uniquely connected with this modified GUP or rather explained differently. For such a
question, one needs8 to study cosmological perturbations in detail and compare with COBE
and Planck data. Therefore, we think that finding the first corrections to GR for small H9,
will certainly constitute the first step towards such a goal.
For H such that H  l−1P , we can perform a Taylor expansion of (4.10) around small
values of H. The expansion can be found either from (4.10) or, more simply, by expanding
(4.1) in terms of the apparent area A around A → ∞ and then substituting in (2.17) and
(2.15). The result is,
H˙ = −2H2 + βη√
pi
|H|3 − β(8βη
2 + 3)
48pi
H4 +O(H5)− 16piGΛ
3
. (4.12)
We see that the correction terms to the familiar Friedmann equation are proportional to
the constants β and η and, hence, to the parameters α, µ and the Planck length lP rising
from the modified GUP (3.1). When we let the Planck length and/or the Hubble parameter
tend to zero, we recover the usual Friedmann equation but with an additional term which is
responsible here for the contracting phase of the Universe.
In fact, an important consequence of this result is that while the cosmological constant
Λ is positive and very small, as usual, to be in agreement with observations, the fact that
it appears with a minus sign here is what causes the departure of the modified Friedmann
equation from the usual one obtained within general relativity. Indeed, when adding a positive
cosmological constant Λ to a flat Universe filled with radiation the usual Friedmann equations
obtained within general relativity are H2 = 8piG(ρ+ Λ)/3 and H˙ = −2H2 + 16piGΛ/3. This
implies that for a diluted enough radiation, i.e. when ρ → 0, the expansion of the Universe
7As rightly pointed out by the anonymous referee.
8As suggested by the referee.
9As requested by the referee.
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reaches a steady state fixed by the value of Λ. In our case, however, no such steady state
will ever be reached since we end up with H → 0, and therefore H˙ → −16piGΛ/3 according
to (4.12). Hence, a contracting phase ensues instead. It is therefore the positivity of the
cosmological constant Λ itself that is responsible for the appearance of the contracting phase.
The full evolution of the Universe through the various cycles is examined below.
Below, we have plotted the function H˙ = F (H) in terms of the Hubble rate H, obtained
from the full expression on the right-hand side of (4.10).
 
 
 
 
 
 
 
 
𝐻 = 𝐹(𝐻) 
𝐻 
𝐻𝑚𝑎𝑥  
−
16𝜋𝐺Λ
3
 
−
32𝜋(1 −  𝛽𝜂)𝐺𝜌𝑚𝑎𝑥
3
 
0 
−𝐻𝑚𝑎𝑥 
Figure 1. Plot showing the shape of H˙ = F (H).
From this graph, we see that the rate of change of H stays negative within the whole
range of allowed values for the Hubble parameter, i.e., from Hmax and all the way to −Hmax.
Starting from the right at the maximum value Hmax, the rate of change H˙ decreases in
absolute value but stays nevertheless negative. This simply means that the Hubble param-
eter keeps decreasing until it completely vanishes. The corresponding value then for H˙ is
−16piGΛ/3. Thus, when the Hubble parameter vanishes we find that, because its rate of
change is still negative, the Hubble flow should change sign and become negative too. This
just means that the Universe enters a new phase which is a contracting phase.
Next, following the curve towards the left, we see that since the velocity is negative and
increases in absolute value, the Hubble flow keeps becoming more negative faster, i.e., the
contraction accelerates, until the maximum allowed density ρmax is reached again. Now, at
that point of the graph the following issue arises. The velocity H˙ is still negative whereas the
Hubble parameter is not allowed to decrease further given that it has reached the minimum
value, −Hmax, it is allowed to take on. Normally, however, in order for the Hubble parameter
to reach such a minimum (or the maximum Hmax on the other side of the graph) one expects
the rate of change H˙ to vanish at those points of the graph. The only way to solve this
issue, and still rely on our equations above, is to go back and look closer at the primary cause
behind such peculiar behavior in the dynamics of the Universe.
In fact, the origin of the negative sign of H˙ in the graph came from Eq. (2.15), for
the left-hand side of that equation is negative whereas the factor f ′(A) is strictly positive.
That equation, in turn, was found from the first law δQ = dE − WdV , where we used
δQ = TdS. Examining the variation of entropy dS in the latter identity closer, however,
reveals that if taken as it is without carefully paying attention to the signs, an issue with the
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second law of thermodynamics arises. Indeed, we clearly see from Eq. (2.13) that whenever
drA is negative, entropy decreases. In fact, to be more precise, we actually find that, after
substituting drA = −Hr3A(H˙ − k/a2)dt in Eq. (2.13), the latter is written as,
dS = −f
′(A)
G
Hr4A
(
H˙ − k
a2
)
dt. (4.13)
It is therefore clear that whenever both −H and the content of the parenthesis are of different
signs, as it is the case on the second branch of the graph in Fig. 1, we will have a decreasing
entropy with time, which is in contradiction with the second principle of thermodynamics. In
order therefore to remain in accordance with the second principle for all values of H, we shall
define the variation of entropy for H negative as the absolute value of the right-hand side of
Eq. (4.13). Therefore, whenever H is negative, as it is the case on the left branch of Fig. 1,
the variation of entropy should be written more correctly as
dS = −f
′(A)
G
Hr4A
∣∣∣H˙ − k
a2
∣∣∣dt. (4.14)
Doing so, however, will entail to choose for the second principle of thermodynamics
the following sign convention: δQ = −TdS. This simply amounts to rely again on the
second principle of thermodynamics but taking into account the fact that the Universe is in
a contracting phase, for as we saw the identity worked perfectly for the expanding Universe
but for the contracting Universe an issue in the dynamics arose. Physically, this could be
understood by recalling that during the contracting phase the Universe should be gaining
heat. To obtain that from a negative T but a positive dS one in fact only needs to write the
equality with a different sign convention.
Now, when the form (4.14) for entropy variation and the present sign choice for δQ are
substituted in the first law δQ = dE −WdV , the latter reads,
∣∣∣H˙ − k
a2
∣∣∣f ′(A) = 4piG(ρ+ p). (4.15)
Notice that this latter form is still consistent with the fact that for negative values of H,
the rate of change H˙ on the second branch of Fig. 1 comes out negative too. It is just that
the equation is capable of giving us the rate of change only up to a sign, which, in this case,
should be deduced from the one it had in the previous phase.
This simple sign ambiguity actually makes all the difference in the resulting dynamics.
Indeed, the fact that the dynamical equation (4.15) contains information on the dynamics of
the Hubble parameter only up to a sign means that the full dynamics could not be obtained
from thermodynamics alone. This observation allows us in fact to solve the issue we discussed
above, concerning the fate of the Hubble parameter, when the latter reaches its minimum
value −Hmax. Indeed, we may extrapolate Eq. (4.15) beyond that point just by removing the
absolute value symbol there without violating in any case the equation itself. At H = −Hmax,
therefore, we will have the velocity H˙ in Fig. 1 acquire the inverse sign as it sweeps the same
values of the Hubble parameter towards the right. The resulting new curve will then be the
symmetric, with respect to the H-axis, of the previous one and appear as another branch in
the plot. The full plot is depicted in the figure below.
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Figure 2. The shape of H˙(H) after extrapolating the equations beyond the value H = −Hmax.
Let us now provide the interpretation of the whole graph in Fig. 2 with its four branches
starting from the bottom-right. The Universe starts with an initial maximum density ρmax
and a positive Hubble parameter Hmax. It expands along the first branch while its rate
of expansion H keeps decreasing until it vanishes at the top of the lower curve. There,
the Universe stops from expanding and starts contracting. The rate of contraction keeps
increasing along the second branch as the absolute valueH keeps increasing too. The Universe
then reaches its maximum rate of contraction −Hmax but not yet its maximum density ρmax.
Indeed, thanks to the presence of the multivalued inverse sine in identity (4.2), the
values that the density ρ will acquire when the apparent horizon’s area A starts decreasing,
i.e., when the Universe starts contracting, might be different from those acquired during the
expansion phase when passing over the same absolute values of the Hubble parameter H.
Using this fact will actually make the reverse evolution consistent without preventing the
density ρ from being a continuous function. This is possible thanks to the fact that the
constant of integration C in (4.4) is bound to respect the same choice for the inverse function
sin−1 as the one appearing in the density ρ. Given that one can always make the redefinition
sin−1(x) → − sin−1(x) + (2m + 1)pi for any integer m, this implies that the density in (4.2)
could be found only up to −(2m+ 1)piη/[√β(1−βη2)5/2] but will nevertheless be continuous
when it reaches its minimum value ρmin for A→∞, as long as the constant of integration C
in (4.4) follows also this redefinition of the sin−1 appearing there. Thus, when ρ reaches the
value ρmin, the Universe starts contracting but the subsequent evolution of the density will
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be governed by the following equation,
4Gρ
3
=
1
A
+
2βη
3A3/2
− 2ξ
3/2
3β(1− βη2)A3/2 −
η(βη2 − 1 + η√A)ξ1/2
(1− βη2)2A
+
η√
β(1− βη2)5/2 sin
−1
[√
β(βη2 − 1)√
A
+ η
√
β
]
+ C, (4.16)
Therefore, the density ρ will indeed not acquire exactly the same values it had previously
during the expansion phase when passing again through the same absolute values of H since
it always acquires smaller values than during the previous phase.
Next, after reaching the lowest point of the second branch, as we saw, the subsequent
dynamical evolution of the Hubble rate will be dictated by the third branch in Fig. 2. Thus,
as the velocity H˙ becomes now positive on this branch, the Hubble parameter increases from
−Hmax to zero. During this phase, however, the Universe keeps contracting, since the Hubble
flow remains negative during all the phase and the Universe has not yet reached its maximum
density. The Hubble flow remains negative but changes in absolute value. This means that the
contraction will still be taking place, only less quickly. It is only when the Hubble parameter
vanishes at the end of the third branch, that the Universe stops contracting and the Big
Crunch comes to an end.
Since the rate of change H˙ at the end of the third branch is still positive, the Hubble
parameter rises again from zero and starts increasing towards the right. This is where the
bounce happens. This forms the fourth branch of the graph. During this phase the Universe
expands from its much contracted state and slowly increases in size, but that happens faster
and faster as time goes by because the Hubble parameter keeps increasing too. When the
highest point of the fourth branch in the upper-right is reached, the Universe achieves its
maximum expansion rate but with a different maximum density ρmax, due again to its de-
pendence on the multivalued inverse sine. At that point, the velocity flips sign again so that
the remaining phase will be described by the first branch, starting from the bottom-right,
and the process described above will recommence again.
Here we would like to emphasize the fact that, although the curve is traversed reversibly
from negative to positive values of H, it should be kept in mind that this just shows the
evolution of the Hubble flow. So at the end of the fourth branch, the size of the Universe is
still very tiny so that everything looks as if a Big Bang is taking place again, exhibiting a
sudden accelerated expansion, when in fact the expansion started way before; it just reached
its maximum rate there.
Now, this looks pretty much like the familiar cyclic Universe scenario (see e.g. [65,
67]), where here the Big Bang and Big Crunch happen many times but with different initial
and final densities each time. It is important to keep in mind though that although this
conclusion has been reached using the first and second law of thermodynamics, the details of
the dynamics, i.e., the origin of the phase transitions responsible for the discontinuity in the
rate of change H˙, could only be inferred but not found from thermodynamics alone.
5 Conclusion
In this paper, we have applied the new version of the generalized uncertainty principle (GUP),
recently introduced in the literature, to the study of the dynamics of the Universe. In contrast
to the standard GUP which generalizes Heisenberg’s uncertainty principle by adding to the
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right-hand side of the inequality a term quadratic in the uncertainty on momentum ∆p,
the version of the GUP we used in this paper contains one more additional term which is
linear in the uncertainty ∆p. As such, and given that the standard GUP has already been
successfully applied in the literature to investigate its consequences for cosmology, it appears
of considerable interest to examine what new consequences, if any, such a modification of
GUP would bring for cosmology and what it could add to our current understanding of the
latter.
This analysis was performed using Jacobson’s approach. The modified GUP deformed
the entropy-area relation for the apparent horizon, and this in turn produced correction
terms for the Friedmann equations. We were able to obtain, just as it was the case with
the standard GUP, an upper bound for the density of the Universe, using these modified
Friedmann equations. Just as it was found in Ref. [26], although with different numerical
factors, the maximum density we found here (as it follows from Eqs. (4.4) and (4.8), after
keeping only the leading terms when lP → 0) is also of the order of l−2P . This was used
as an argument for the absence of any singularity at the Big Bang. Now it is well-known
that the existence of a maximum density for the Universe already emerges in loop quantum
cosmology within which one finds for ρmax a value of the order ∼ 0.41ρP , where ρP is the
Planck density [65]. In our case, the specific value we find from Eqs. (4.8) and (4.4), after
keeping only the leading terms, is ρmax = 5ρP /[8piα
2(1 +µ)]. In Ref. [26], however, the result
was ρmax = 5ρP /(4piβ), where the dimensionless parameter β was left unspecified there. This
difference might actually be of great importance when one tries to decide between the two
versions of the GUP to use to study the physics of the early Universe, and even for confronting
our results with those of loop quantum cosmology to establish the correctness of our approach.
A rigorous analysis of this point will be attempted in a separate work. Nevertheless, it is
already clear that the present method reproduces the cyclic Universe scenario arising both
in loop quantum cosmology [65] and the Ekpyrotic scenario [67], whereas it is impossible
to consistently make it emerge within the purely quadratic version of the GUP due to the
absence of the multivalued function sin−1 there [26].
Where the two approaches, the one based on the standard GUP and the present one
based on the modified GUP, also differ is on the details of the dynamics for the FLRW
Universe. The rate of change of the Hubble parameter implied by the modified GUP-based
approach is slightly different from what is found when using the standard GUP (compare
(4.10) with Eq. (6.3) of Ref. [26]). Such a difference, albeit very small, could be used as a
means to distinguish experimentally between the two versions of the GUP, as used in the
framework of our approach, since this result is particularly relevant to the early inflationary
expansion of the Universe.
It is not hard to conduct a similar analysis within other cosmological models. It would
be interesting for example to analyze the effect such a deformation of the Friedmann equations
could have on Bianchi Cosmologies. Furthermore, it is expected that this approach will also
deform the Wheeler-DeWitt equation for the Universe. It would therefore also be interesting
to investigate the consequences of this approach on the Wheeler-DeWitt equation. Indeed,
any modification of the latter is expected to bring non-trivial modifications to most models
of quantum cosmology [66]. In fact, it would certainly be very illuminating to analyze first
some simple models of quantum cosmology within the framework of the present approach.
Finally, we would like to recall here the fact that the modified GUP used in this paper
is actually consistent with other axes of research investigating the physics of space-time, such
as, discrete space-time [34], spontaneous symmetry breaking of Lorentz invariance in string
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field theory [35], ghost condensation [36], space-time foam models [37], spin-networks in loop
quantum gravity [38], non-commutative geometry [39, 40], and Horava-Lifshitz gravity [41].
Therefore, another way to assess the correctness of the approach developed in this paper
is to confront our results found here with similar case studies based on these other axes of
research besides those of loop quantum cosmology discussed above. In addition, since phase-
space non-commutativity has been introduced based on the generalized uncertainty principle
[27], it might also be of interest to adapt our approach to other similar physical situations
as a gravitational collapse of a star which has been studied recently in Ref. [68] or to study
cosmic expansion in alternative theories of gravity as done in Ref. [69], both based on non-
commutativity in phase-space. Any sign of disagreement could then be used either, to rectify
the new version of GUP adopted here, or to reexamine the whole approach followed here
which consists in applying horizon thermodynamics to the Universe’s apparent horizon.
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